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We provide an analytical tool based on a variational Bayesian 
treatment of hidden Markov models to combine the information 
from thousands of short single-molecule trajectories of 
intracellularly diffusing proteins. The method identifies the 
number of diffusive states and the state transition rates. Using 
this method we have created an objective interaction map 
for Hfq, a protein that mediates interactions between small 
regulatory RNAs and their mRNA targets.

Most of our knowledge about the kinetics of intracellular pro­
cesses is based on observed responses to perturbations. This  
strategy is severely limited by the difficulty of inducing gentle  
and specific perturbations in vivo. Single-particle tracking (SPT), 
in contrast, offers the possibility of monitoring intracellular  
kinetics of some processes directly. SPT using photoactivat­
able fluorescent proteins (spt-PALM) is capable of following the  
movements of individual protein molecules on cell membranes 
and in the cytoplasm of living cells1–3. It is also possible to classify 
individual trajectories into coarsely predefined states of diffu­
sion corresponding, for example, to different states of binding,  
through the size dependence of the diffusion constant3. This  
suggests that it should be possible to determine intracellular  
state transition rates under steady-state conditions simply by 
determining the average time an individual molecule spends 
in one diffusion state before changing to another. In this way,  
spt-PALM makes it possible to overcome the averaging that  
normally masks all information about transition rates in a  
steady-state ensemble.

Two major challenges have to be overcome to study kinetics by 
tracking individual cytoplasmic proteins. First, there has been 
no objective way to determine the number of diffusive states on 
the basis of experimental data alone. Instead, it is commonly 
assumed that there exist two states of diffusion, bound and free, 
and then the data are simply fitted under these assumptions3,4. 
Second, intracellular single-molecule diffusion trajectories from 
fluorescent fusion proteins are typically very short in contrast 
to trajectories from membrane proteins that can be extracellu­
larly labeled with photostable dyes. The challenge is to correctly  
combine the information from thousands of short trajectories 
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(fewer than ~20 steps) instead of following a few long trajectories 
with multiple state transitions.

RESULTS
vbSPT for single-molecule tracking data
We provide an analytical tool, variational Bayes SPT (vbSPT), 
based on a variational Bayesian treatment of a hidden Markov 
model (HMM)5,6 that describes diffusing particles making  
memoryless jumps between different states of diffusion.

Previous HMMs for diffusing particles use a fixed number 
of states (most often two or three) and individual long trajec­
tories7–9. In contrast, our vbSPT method is capable of learning 
model parameters such as transition rates, as well as the number 
of diffusive states, from the experimental data. Furthermore, the 
method is able to extract useful information even from data sets 
with only a few points per trajectory.

The vbSPT method uses a maximum-evidence criterion to deter­
mine the underlying parameters and the number of diffusive states 
from the observed data. In finding the correct number of states, 
there is a trade-off between goodness of fit and model complexity. 
On the one hand, models with more states and parameters can 
generally achieve a better fit to the data. On the other hand, these 
models also have a broader descriptive repertoire spread out over a 
larger parameter space; therefore, ‘simple’ data are more unlikely to 
originate from a complex model. The maximum-evidence criterion 
strikes a balance between these tendencies, analogous to Occam’s 
razor. The vbSPT method (Supplementary Software; http://www.
sourceforge.net/projects/vbspt/) computes the evidence using a 
mean-field approximation (Online Methods).

Validation and performance
We validated vbSPT using simulated reaction diffusion trajec­
tories in a cellular geometry with the same trajectory length 
distribution as that of our experimental data and using real­
istic localization error (20 nm), diffusion and transition 
parameters (Supplementary Note 1). The method accurately 
recovers the parameters used for simulating the data (Fig. 1 and 
Supplementary Tables 1 and 2), including mean dwell times sev­
eral times longer than the typical trajectory length. Confronted 
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with synthetic data in which some transi­
tions are absent (Supplementary Note 1  
and Supplementary Table 3), the algo­
rithm assigns rates for these transitions 
corresponding to approximately one tran­
sition in 100 frames, which sets a scale for 
the slowest transitions we consider signifi­
cant within our experimental data.

To determine how many trajectories are 
needed to identify the underlying model, 
we varied the number of simulated trajectories included in  
the analysis. We observed that the algorithm correctly identified 
three underlying states when more than 3,000 trajectories were 
used (Fig. 1).

The diffusion constants, state occupancies and transition 
probabilities for the states in the three-state model converge 
for an increasing number of trajectories sampled from a length 
distribution corresponding to that of our experimental single- 
molecule tracking data (Fig. 2). We performed this analysis 
for three different localization errors (s.d. of 20 nm, 30 nm and  
40 nm, respectively; Supplementary Note 1). We found that the 
diffusion rates and the state occupancies converge at a few thou­
sand trajectories, whereas transition probabilities require more 
than ~10,000 trajectories.

The transition probabilities (Fig. 2c) display a clear bias toward 
0.05 per time step for small amounts of data. This value represents 
an a priori assumption about the dynamics (prior value), an input 
parameter for the analysis. The decay in the bias reflects how 
an increasing amount of data drowns out such assumptions. In 
addition, keeping the amount of data constant while increasing 
the average trajectory length gives a modest further improvement 
(Supplementary Note 1).

The probability that the vbSPT algorithm can resolve two 
similar states depends not only on the amount of data and the 
localization error but also on how close the diffusive states are 
and how often the states interconvert in relation to the frame 
rate (Supplementary Note 1). For example, with average state 
lifetimes of ~10 time steps, and diffusion sampled in one spatial 
dimension, vbSPT can resolve differences of about 50% in dif­
fusion constants given the number of trajectories and sampling 

conditions in Figure 1. The resolution is improved with analysis 
of the intracellular diffusion not only along the long axis of the 
cell but in two or three dimensions as well. The vbSPT algorithm 
supports multiple spatial dimensions, but in our case, bound­
ary artifacts in the narrow Escherichia coli cells compromised  
the improvement.

Changes in the diffusion constant of a protein can occur for  
reasons other than binding or dissociation reactions. We show two 
examples of how vbSPT behaves in response to synthetic data in 
which the diffusion constant depends on the spatial coordinates 
(Fig. 3). When applied to a model with a nucleoidal region 
with slower diffusion (Fig. 3a and Supplementary Table 4),  
the method returns a two-state model with the slower state 
enriched in the nucleoidal region and at the cell poles. The latter 
enrichment is an artifact caused by confinement3, which alone 
is not enough to induce a spurious slower state in the case of 
simple uniform diffusion (Fig. 3b). In the case of a continuously 
varying diffusion constant (Fig. 3c and Supplementary Table 5), 
the analysis returns a three-state model, representing the range 
of the gradient and indicating that the transition between the 
states is largely sequential. When we classified the individual steps 
into the most likely states, we found that their localization highly 
resembles the simulated diffusion gradient. Trajectories from the 
fastest state occupy the largest space, which is expected because 
molecules that move fast reach further before they have been 
sampled sufficiently to be classified into a specific state.

These data (Fig. 3) also illustrate two potential overinterpreta­
tions of the results of vbSPT analysis. First, the algorithm may 
group similar diffusive states into one state unless there is suf­
ficient evidence to tell them apart. Second, the transition rates 
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Figure 1 | A test of the vbSPT approach using 
simulated data. Shown are 12,130 trajectories 
simulated with an experimental length 
distribution and in a realistic cell geometry 
(length, 2.8 µm). (a) Top, model, parameters 
and resulting trajectories for the synthetic 
data set. In the model, the area of each state 
represents its relative occupancy. A subset 
of 1,000 trajectories is color coded on the 
basis of diffusive state, defined by diffusion 
constant (D) and mean dwell time (τ). Bottom, 
model and parameters found by vbSPT analysis. 
Standard errors from a bootstrap analysis 
are typically less than 20% (Supplementary 
Table 2). The same trajectories as above are 
color coded according to the inferred most 
likely state. (b) Distribution of the most likely 
number of states with an increasing number of 
trajectories, from bootstrap analysis  
(truth = number of states in input data).
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do not necessarily represent chemical reactions but rather the 
probability per time step to change between the identified states: 
in this case, simply the rate of moving between cellular regions 
with substantially different diffusion properties. Furthermore, 

dynamics in two-dimensional reaction diffusion systems, such 
as membranes, should be interpreted with caution. This is because 
the underlying assumption in vbSPT, that state transitions are 
memoryless, will often be false in two-dimensional systems10.

The performance and limitations of vbSPT depend on system- 
specific factors such as geometry, underlying kinetics and 
measurement noise. Hence, although the above examples  
(see also Supplementary Note 1) indicate the behavior in our 
particular system, applications to other systems should be 
guided by tests on synthetic data related to the specific system.  
We include a basic simulation tool for this purpose with the  
software (Supplementary Software and on SourceForge, http://
www.sourceforge.net/projects/vbspt/).

Application to Hfq kinetics
To test the method on a biological system, we studied the 
RNA helper protein Hfq11,12 (UniProtKB: P0A6X3), which 
mediates post-transcriptional gene regulation by facilitat­
ing interactions between mRNA and noncoding small RNA 
(sRNA). Hfq was chromosomally expressed as a fusion pro­
tein with a monomeric photoconvertible protein, Dendra2 
(Supplementary Note 2). Cells expressing the Hfq-Dendra2 
fusion protein exhibited wild-type growth rates, whereas an 
hfq deletion strain was growth impaired (Supplementary  
Note 3). We tracked the Hfq-Dendra2 protein at a frame rate of 
approximately 300 frames per second (Supplementary Note 4), 
which is necessary for tracking freely diffusing proteins3. This ena­
bled us to collect 1,000–3,000 single-molecule diffusion trajectories 
per E. coli cell and 10,000–30,000 trajectories per experiment.

Hfq is a hexameric protein that binds to both sRNAs and 
mRNAs to mediate base-pairing. Considering that mRNA can 
be found either free or coupled to other macromolecules such as 
DNA during transcription or ribosomes during translation, we 
expected to find Hfq in binding states of very different diffusivity. 

Figure 2 | Convergence properties for the model 
presented in Figure 1 with localization error 
(σ) of 20 nm. All plotted values are averages 
of posterior mean values from the vbSPT 
analysis (Online Methods), from 50 independent 
simulated data sets, as a function of the  
number of data points. Error bars, 1 s.d.  
(n = 50). (a–c) Diffusion constants (a), 
occupation probabilities (b) and transition 
probabilities (c). In a, diffusion constants 
converge rapidly toward the apparent value 
(dotted red lines), for which the contribution 
of the localization error has been included, 
except for the fastest state, whose diffusion 
constant converges to the true value, Dinput 
(dashed black lines). This reflects a downward 
bias in diffusion constants due to the finite cell 
size3, an effect that increases with increasing 
diffusion constant, and, in this case, cancels 
the contribution from the localization error.  
In b, occupation probabilities converge  
toward the true values (dashed black lines) 
but not as fast as the ideal estimates (red 
circles) based on perfect knowledge of the 
hidden states at every data point. In c, the six 
subpanels represent the probabilities (Aij) of transitioning from state i to state j during one time step (frame). Dotted lines indicate the mean transition 
probabilities of the prior. The dashed vertical red lines indicate the amount of experimental data.
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Figure 3 | Test of vbSPT on synthetic data with a spatially varying diffusion 
constant in a cell geometry. All synthetic data have an experimental length 
distribution containing 23,756 trajectories and an average length of five 
frames. (a) Analysis of synthetic data including a nucleoidal region with a 
diffusion constant one-fourth that of the surrounding area. The model  
and classified trajectories show the two states found by vbSPT analysis.  
All visualizations represent a 250-nm-thick central cross-section with 
slower trajectories overlaid for visibility. (For standard errors from a 
bootstrap analysis, see Supplementary Table 4.) (b) Trajectories classified 
by vbSPT analysis for a synthetic data set lacking the nucleoidal region. 
(c) Analysis of synthetic data with a continuously increasing diffusion rate 
along the cell long axis. The classified trajectories represent a subset of 
5,000 trajectories overlaid on the rest for visibility. (For standard errors 
from a bootstrap analysis, see Supplementary Table 5.)
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To extract the number of binding states and transition rates from 
the Hfq tracking data, we applied the vbSPT analysis with an 
uninformative prior distribution to a data set of 12,130 trajecto­
ries from a single experiment on approximately ten cells. The best 
fit was achieved by a three-state model (Fig. 4a), with diffusion 
constants of approximately 3 µm2 s−1, 0.7 µm2 s−1 and 0.2 µm2 s−1.  
We repeated the experiment, obtaining an unaltered outcome, 
and determined the accuracy of the parameter estimates by boot­
strap analysis13 (Supplementary Table 6). Next we performed 
experiments on cells treated with the antibiotic rifampicin (rif), 
which inhibits transcription and leads to global RNA decay, as 
we confirmed by RNA decay studies (Supplementary Note 5). 
For the rif-treated cells we obtained a two-state model, in which 
the two states have diffusion constants corresponding to the 
two faster states for untreated cells (3 µm2 s−1 and 0.7 µm2 s−1)  
(Fig. 4b and Supplementary Table 7).

To interpret the model, we mapped the different states of Hfq 
diffusion to states of Hfq binding. As Hfq is found mostly in its 
hexameric form14,15, we propose that the fastest state (3 µm2 s−1) 
corresponds to the 223-kDa Hfq-Dendra2 hexamer. After rif 
treatment, the slowest state vanishes, and the fraction occupying 
the intermediate state decreases substantially (Fig. 4), indicating 
that these states may represent interactions of Hfq with different 
RNA species, either free or under processing. The slowest state 
may represent Hfq bound to RNA being transcribed, which would 
be expected to disappear upon transcription inhibition.

The decrease in the transition rate from the fast to the slow state 
after rif treatment (Fig. 4) could be explained by the decreasing 
number of RNAs available for binding. The conversion from the 
slow to the fast state could reflect the rates of Hfq dissociation 
from RNA and/or of RNA degradation, both of which should not 
be altered much by rif treatment.

When analyzing the combined data from both Hfq experi­
ments on untreated cells (23,756 trajectories), we obtained suf­
ficient evidence to split the intermediate state into two states 
(Supplementary Note 1). This is consistent with our inter­
pretation that the intermediate state represents binding to mRNA 
molecules of varying lengths and consequently varying rates of 
diffusion. After we added another 18,903 trajectories from an 
additional experiment, the four state model remained the most 
likely, but we observed by bootstrap analysis that the likelihood 
of higher-state models increased in this case (Supplementary  
Note 1). We did not observe state splitting upon pooling data 
from rif-treated cells, most probably because the RNA-associated 
pool of Hfq is diminished under this condition because of global 
RNA decay (Supplementary Note 5).

DISCUSSION
The vbSPT method opens new possibilities for objective charac­
terization of intracellular processes on the basis of single-molecule 
tracking data. With vbSPT it is possible to obtain kinetic infor­
mation from a system at steady state, which is important because 
most intracellular systems are impossible to perturb gently and 
with high specificity. We note that the intracellular environment 
in many cases will include interactions that cannot be found using 
purified components in the test tube. These include transient or 
rare interactions as well as complex interactions in uncharted path­
ways that can be probed only by altering the genetic background 
or growth conditions.

The vbSPT algorithm currently defines states by diffusion con­
stants and state lifetimes. However, the variational framework is 
flexible and could be extended to many types of more complex 
state descriptions by, for example, taking state-dependent locali­
zation errors into account.

The current analysis method can resolve states with average 
lifetimes of one time step, but accurate inference of kinetics is 
limited to lifetimes of several time steps. Limitations on slow 
kinetics are set by the data and factors including the underlying 
model, trajectory lengths, localization error and amount of data. 
The range of accessible kinetics might be extended by modifying 
the algorithm to combine data acquired at different frame rates.

Methods
Methods and any associated references are available in the online 
version of the paper.

Note: Supplementary information is available in the online version of the paper.
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ONLINE METHODS
The statistical approach of vbSPT is to model the state kinetics 
by a hidden Markov model (HMM) for diffusing particles with 
memoryless jumps in diffusion constants, which we analyze by 
an approximate approach to maximum-evidence model selection, 
known as variational Bayes or ensemble learning6,16. Variational 
algorithms for HMMs have been derived earlier5,16–20 and applied 
successfully in a biophysical setting to, for example, single- 
molecule FRET data5,17,21. The main advantage of the variational 
maximum-evidence approach over the more common maximum-
likelihood approach to HMMs is the inherent complexity control, 
i.e., the ability not only to learn parameter values from data but 
also to make model selection and learn the number of hidden 
states17. An implementation of vbSPT for MATLAB (MathWorks), 
including a graphical user interface, code to generate synthetic 
data and a user manual, is included as Supplementary Software 
and can be downloaded as open source from SourceForge (http://
www.sourceforge.net/projects/vbspt/).

Model selection by maximum evidence. In this section, we briefly 
introduce our model selection criterion, maximum evidence. For 
simplicity, we use x, s, θ and N to denote tracking data, hidden-
states sequences corresponding to the data, unknown parameters 
in the model and the number of hidden states, respectively. For 
readers new to Bayesian statistics, we also recommend the brief 
introduction by Eddy22 (or textbooks6,16).

A probabilistic model specifies the probability of obtaining the 
data x and hidden states s, given a model N and some parameter 
values θ: p(x,s|θ,N). To use this for Bayesian model selection, we 
treat all parameters as random variables; use the laws of prob­
ability to derive the inverse probability p(N|x), which we interpret 
as a statement about our degree of confidence in model N given 
the data x; and prefer the most likely model. This will require 
us to specify prior distributions, of the form p(N) and p(θ|N),  
that express our beliefs about the models and their parameters 
before seeing the data x. Indeed, the willingness to assign a prob­
ability distribution to unknown parameters and treat them on an 
equal footing with other random variables is a characteristic of 
Bayesian statistics.

Returning to the derivation of p(N|x), we first combine our 
model and prior belief about the parameters into a probability dis­
tribution over the data and all unknown quantities, p(x,s,θ|N) = 
p(x,s|θ,N)p(θ|N). We then get rid of θ and s by marginalizing over 
them (or, in physics jargon, integrating them out), leading to 

p x N d p x s N p N
s

( ) = ( ) ( )∫∑ q q q, ,

The sought inverse probability is then obtained from Bayes’ rule, 
p(N|x) = p(x|N)p(N)/p(x), or

p N x
p x

d p x s N p N p N
s

( ) =
( ) ( ) ( ) ( )∑∫
1 q q q, ,

where the denominator is a normalization constant

p x d p x N p N p N
N

( ) = ′ ′ ′( ) ′ ′( ) ′( )∫∑
′

q q q,

(1)(1)

(2)(2)

If we further assume that p(N) is constant, i.e., that all  
models (in some interval 0 < N < Nmax) are equally probable  
a priori, and note that the denominator p(x) is independ­
ent of parameters and models, then the best model is the one  
that maximizes the numerator in equation (2), also known as  
the ‘evidence’

N d p x s N p NN
s

ME = ( ) ( )∑∫argmax , ,q q q

where argmaxy f(y) denotes the value of y that maximizes the 
function f.

In practice, the integrals and sums in the evidence are intracta­
ble for almost all interesting models, and further progress requires 
good approximations and computers. The difficulties resemble 
those of computing partition functions in statistical physics, and 
the two common fallbacks in that field—Monte Carlo simula­
tions16,23,24 and mean-field theory6,16,17—work here as well.  
The variational or ensemble learning approach we will follow  
corresponds to mean-field theory, where we seek a separable 
approximation (q(θ)q(s)) to the posterior distribution over 
parameters and hidden states

p s x N
p s x N p N

p x N
q s q, ,

, ,
q

q q
q( ) =

( ) ( )
( )

≈ ( ) ( )

i.e., where the hidden states s and parameter values θ are statisti­
cally independent. We refer the interested reader to the vbSPT 
software documentation for details and derivations.

Estimated parameter values. The approximative posterior distri­
bution for the parameters and hidden states produced by the vari­
ational approach, q(s)q(θ), can be used for approximate inference 
but is inconvenient to visualize. We therefore use point estimates 
to communicate and visualize our results. Among several pos­
sible choices (mean values, most likely values, medians, etc.), we 
present mean values unless stated otherwise. Explicit expressions 
are given in the software documentation.

The posterior distributions could also supply estimates  
of s.d., but the variational approximation tends to underesti­
mate the width of the posterior distributions (ref. 16, Ch. 33).  
Instead, we use the bootstrap method13 for this purpose,  
with bootstrap sets from a random selection (with replacement) 
of individual trajectories.

Diffusion model. We assume that we can track the particles  
in d dimensions, and we call xt the position at time t. The time 
between consecutive measurements is ∆t, but we are going  
to use t as an integer index as well. We model the movement by 
simple diffusion

x x wt t st tD t+ = +1 2 ∆

where wt are independent d-dimensional Gaussian variables with 
uncorrelated components of zero mean and unit variance.

Binding and unbinding events are modeled as jumps in the 
diffusion constant Dst , as indicated by the degree of freedom  
st ∈ {1, 2, …, N}, where N is the number of diffusive states. This 
degree of freedom constitutes our hidden state, and we model it 

(3)(3)

(4)(4)

(5)(5)
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as a discrete Markov process with a transition matrix A and initial 
state probabilities p, i.e.

p s j p s j s i A tj t t ij1 1 1=( ) = = =( ) = >−π , , for 

where normalization demands that

pk
k

N
jk

k

N
A

= =
∑ ∑= =

1 1
1

The number of hidden states N is a parameter to be determined 
from the data. The vector of diffusion constants corresponding  
to the different hidden states is denoted D = (D1, D2, …, DN). 
We will also use the shorthand notation x1:T = {x1, x2, …, xT) and 
s1:T–1 = {s1, s2, …, sT–1} for the positions and hidden states of a 
whole trajectory (because sT does not influence the position data, 
we exclude it from the model).

For our analysis, we need expressions for the joint distribution 
of positions, hidden states and parameters, p(x1:T,s1:T–1,D,A,p|N), 
which can be factorized as

p s A N p s p s A

p
T T T T T( , , , , | ) ( | , ) ( | , )

(
: : : : :x D x D1 1 1 1 1 1 1 1− − −=

×

   

 DD | ) ( | ) ( | )N p A N p N

The first two factors on the above right-hand side are speci­
fied by the model. In particular, the distribution of hidden state 
sequences is

p s A AT s st st
t

T
1 1 1 1

1

2
: ,− +

=

−
( ) = ∏ π

and the distribution of positions, conditional on the hidden states, 
is given by

p s p p s

p
D t

T T t t t
t

T

st

x D x x x D

x

1 1 1 1 1
1

1

1
1

4

: : , ,− +
=

−
( ) = ( ) −( )

= ( )
( )

∏

p ∆
dd

Dst t t

t

T
e/2

1
4

2

1

1 −

=

−
∏ p ∆

x

The initial position distribution p(x1) does not depend on any 
parameter of interest to us here, and we will drop it from the 
analysis.

The last three factors in equation (7) are the prior distributions 
for the parameters, expressing our beliefs about the parameter 
values for different model sizes (values of N), before seeing the 
data. For computational convenience, independent priors, for 
example, p(D|N)p(A|N)p(p|N), are used instead of the more gen­
eral p(D,A,p|N). For the same reason, priors’ functional forms are 

(6)(6)

(7)(7)

(8)(8)

(9)(9)

chosen as conjugate priors (ref. 6, Ch. 2.4.2), which in this case 
means inverse gamma distributions for the diffusion constant pri­
ors, and Dirichlet distributions (a multidimensional version of the 
beta distribution) for the initial state and transition probability 
priors. Within these constraints, we strive to choose uninforma­
tive, or weak, priors to let the data speak for themselves as much 
as possible. More details are given in Supplementary Note 1,  
where we spell out and motivate our prior choices in detail and 
also investigate the robustness of our inference results against 
variations in the transition probability prior.

Treatment of many trajectories. Typical in vivo SPT experiments 
produce many rather short trajectories. Most trajectories contain 
fewer than 20 consecutive positions, and probably very few (≤2) 
transitions. If considered in isolation, such trajectories are not very 
informative, and transitions are difficult to identify accurately. To 
extract meaningful information, we need to pool many trajecto­
ries. The simplest way to do that is to assume that they are statisti­
cally independent and governed by the same model and parameter 
set, i.e., that all molecules (including those from different cells in 
the same batch) are equivalent and that the interaction dynamics 
do not change over time. In that case, the probability distribu­
tion for a set of M trajectories is a product of single-trajectory  
densities governed by the same model

p s A N p s A NT
i

T
i

i

M
T

i
T

i

i
x D x D1 1 1 1 1 1 1: : : :, , , , , , , ,− = −{ }





= ( ) 
==
∏

1

M

where different trajectories are indicated by the index i.
(10)(10)
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